We show that the bosonic equations of motion of eleven-dimensional supergravity (with gravitino set to zero) are equivalent to the vanishing of an equation written purely in terms of the supercovariant derivative appearing in the supersymmetry transformation of the gravitino. This equation corresponds to the vanishing of the gamma trace of the curvature of this superconnection. The equivalence is independent of whether a particular supergravity solution admits Killing spinors. We argue that the equivalence is also true for supergravity theories with one gravitino (and no other fermions) in lower dimensions.
Introduction
If the gravitino Ψ M = 0 (for bosonic backgrounds), the supercovariant derivative can be
The operator ∇ M denotes the spin connection (defined by the metric only) whilst Ω M denotes the terms involving the other bosonic fields (which act on 1 One might suspect this from the one-to-one correspondence between bosonic and fermionic degrees of freedom in supersymmetric theories. It is not entirely obvious though since, a priori, supersymmetry only requires that bosonic solutions are mapped to fermionic solutions (and vice versa) and not that their respective field equations be equivalent. In the remainder of this note we will prove the claims made above for bosonic backgrounds of eleven-dimensional supergravity. We have also proved these claims for the 'minimal' ungauged supergravity theories (with one gravitino and no other fermions) in six, five and four dimensions (though the calculations will not be presented here). We conclude by suggesting some potential applications of this result.
Eleven-dimensional supergravity
The bosonic fields of eleven-dimensional supergravity are the metric g and a closed fourform F . In component form, the Bianchi identity and field equations for this theory (with fermions set to zero) [1] are
where R M N is the Ricci tensor for g. Of course, equations (1) and (2) The only fermionic field is the vector-spinor gravitino Ψ M . If Ψ M = 0 then the infinitesimal supersymmetry variation of the gravitino is given by
where ǫ is a general 32 component Majorana spinor and ω AB M is the spin connection (the Clifford algebra conventions are described in an appendix). Equation (4) 
Curvature of the supercovariant derivative
As calculated in [2] , the curvature
rather than the full Clifford algebra Cl(10, 1) ∼ = gl(32, R) [3] 2 .
Gamma trace of the curvature
The gamma trace of the curvature of D M is given by
Given R M N , the calculation of (6) requires the use of (9) and (10) together with the identity
which itself is proved using (9) and (10).
Unlike R M N whose expansion involved gamma matrices with n = 1, 2, 3, 4, 5, notice that Γ N R M N contains only terms with n = 1, 2, 4, 5 (the n = 3 terms cancel in the calculation).
It is worth noting that the set of gamma matrices with n = 1, 2, 5 span the subalgebra sp(32, R) ⊂ sl(32, R). However, if one includes the additional n = 4 generator we have here then the algebra does not close without the inclusion of the n = 3 generator too. Conse- still sl(32, R). It is perhaps worth noting though that the tensor coefficients in the n = 4
term are a linear sum of those appearing in the n = 2 and n = 5 terms.
The most remarkable feature of (6) is that the coefficients of each of the terms correspond precisely to the tensors which vanish as a consequence of the supergravity field equations (1), 
Discussion
It is worth pointing out that the Clifford element Γ N R M N has already implicitly appeared in many contexts in the existing literature on bosonic supersymmetric solutions of minimal supergravities (e.g. the appendices of [4] , [6] in D = 5, [7] in D = 6 and [5] in D = 11).
It arises rather naturally when considering the integrability of the Killing spinor equations
, which is shown to follow (e.g. for the solutions calculated in [4] , [5] , [6] and [7] ) when the equations of motion are satisfied. Of course this is to be expected since, as we have argued, the coefficients in the gamma matrix expansion of Γ N R M N are all proportional to the bosonic field equations.
The converse result does not necessarily follow though from this Killing spinor integrability This way of writing the field equations (for supergravities with only one gravitino) could perhaps be of use in the 'generalised holonomy' approach to classifying supergravity solutions [8] , [9] . It certainly seems the most natural way to express the field equations with respect to any approach where the rôle of the supercovariant derivative is considered central.
In [3] it was suggested that the SL(32, R) holonomy of the superconnection for general eleven- 
Of course, R M N = 0 is a solution but less supersymmetric solutions are not so obvious! One curious result which is easily seen from (8) We conclude by noting that the simple equivalence between Γ N R M N = 0 and the bosonic field equations will generally not occur for supergravity theories with more than one fermionic field. In particular when the supergravity theory in question contains gauginos then one obtains additional constraints from setting the supersymmetry variation of these fermion's equations of motion to zero. Thus the supersymmetry variation of a gravitino field equation need only contain a subset of all the bosonic field equations. Although no longer expressible purely in terms of the supercovariant derivative D M in the gravitino variation, it is expected that the complete set of aforementioned constraints should still be equivalent to all the bosonic field equations for the supergravity theory in question. This claim has been checked sp(32, R). All one can conclude about the holonomy algebra is that it is a subalgebra of sl(32, R) that has a non-trivial intersection with sp(32, R). 
Since it is idempotent and central in the Clifford algebra, the n = 11 element Γ 01...♮ must be 
